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Abstract  9 
The orientation of several landforms, e.g. drumlins, flutes, crag-and-tails, and mega-10 
scale glacial lineations, records the direction of the overlying ice flow that created them. 11 
Populations of such features are used routinely to infer former ice-flow patterns, which 12 
serve as the building blocks of reconstructions of palaeo ice-sheet evolution. Currently, 13 
the conceptualisation of flow patterns from these flow-direction records is done 14 
manually and qualitatively, so the extractable glaciological information is limited. We 15 
describe a kriging method (with MATLAB code implementation) that calculates 16 
continuous fields of ice-flow direction, convergence, and curvature from the flow-17 
direction records, and which yields quantitative results with uncertainty estimates. We 18 
test the method by application to the subglacial bedforms of the Tweed Valley Basin, 19 
UK. The results quantify the convergent flow pattern of the Tweed palaeo-Ice Stream in 20 
detail and pinpoint its former lateral shear margins and where ice flowed around basal 21 
bumps. Ice-flow parameters retrieved by this method can enrich ice-sheet 22 
reconstructions and investigations of subglacial till processes and bedform genesis. 23 
 24 
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1. Introduction 25 
The flow patterns of ice sheets and glaciers evolve as their geometry, flow mechanics 26 
(i.e., internal deformation and basal sliding) and thermal regime adjust under the 27 
influence of external conditions, e.g. changing climate. In studies of past glaciation, 28 
reconstructing ice-flow patterns is an exercise that yields vital information about an ice 29 
PDVV¶V KLVWRU\ RI JURZWK GHFD\ DQG SRWHQWLDOO\ FRPSOH[ G\QDPLFV 2QH PHWKRG RI30 
reconstruction uses physically-based glaciological models to simulate the ice motion 31 
and hindcast the flow field numerically (e.g. Tarasov and Peltier, 1999; Marshall et al., 32 
2000; Hubbard et al., 2009). A second method infers ice-flow patterns from their 33 
geomorphological record by interpreting spatial assemblages of streamlined features 34 
whose orientation indicates the direction of palaeo ice flow, e.g. subglacial bedforms 35 
such as drumlins, crag-and-tails, and mega-scale glacial lineations (MSGLs) (Kleman 36 
and Borgström, 1996; Clark, 1997; Kleman et al., 2006). Patterns interpreted from such 37 
evidence of former ice-flow directions are increasingly used to constrain the first 38 
method (e.g. Li et al., 2007; Patton et al., 2017). 39 
Here we contribute to the second method (geomorphological inversion) by 40 
providing a quantitative tool for estimating the palaeo ice-flow field from measurements 41 
of flow directions preserved across a deglaciated land surface. We reserve the term 42 
³IORZ ILHOG´ IRU GHVFULELQJ WKH JHRPHWULF SDWWHUQ H[FOXGLQJ IORZ VSHHG DQG ZULWH43 
³YHORFLW\ ILHOG´ ZKHUH VSHHd is also included. The flow-direction measurements are 44 
derived from mapping of streamlined bedforms identified either in the field, or from 45 
aerial photos, satellite imagery and/or digital elevation models (DEMs). Often, each 46 
landform is mapped as a lineament along its crestline (Figure 1a), with start and end 47 
points depicting the palaeo ice-flow direction (as opposed to orientation, which is 48 
DPELJXRXV E\  LQIHUUHG IURP WKH EHGIRUP¶V VKDSH DQG FRQWH[W (e.g. Greenwood 49 
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3 
 
and Clark, 2009). In some studies, the outline of the bedform is mapped in addition to 50 
its crestline (e.g. Rose and Letzer, 1977). Where only the outline has been mapped (e.g. 51 
Hughes et al., 2010), this can be converted to a lineament (e.g. using its longest internal 52 
transect as a proxy, as in Spagnolo et al., 2010; 2011). (DFK OLQHDPHQW¶VD]LPXWKDQG53 
midpoint position constitute observational data. A collection of mapped lineaments 54 
and/or outlines interpreted to record the same ice-flow event, based on the assumption 55 
that similarity of bedform characteristics (e.g. length, direction, spacing) indicates 56 
contemporaneous generation, is termed a flowset (Figure 1b) (e.g. Greenwood and 57 
Clark, 2009). The practitioner visualises the flowset as a whole to conceptualise the 58 
palaeo-flow field by sketching flowlines or (more crudely) an array of arrows 59 
summarising the palaeo ice flow (Figure 1c). A final, additional stage of interpretation 60 
occurs when the relationships between the reconstructed flow patterns of multiple 61 
flowsets, together with information about their relative timing, are analysed to piece 62 
together the regional ice-flow history and gauge the location of former ice divides. 63 
Examples of this procedure appear in the reconstructions of the Late-Weichselian 64 
Laurentide, Scandinavian, Barents Sea, and British ice sheets by Clark et al. (2000), 65 
Kleman et al. (1997), Winsborrow et al. (2010) and Hughes et al. (2014), respectively. 66 
We focus on the step that conceptualises the ice-flow field for a given flowset, 67 
which relies on human perception and does not lend itself to quantitative uncertainty 68 
estimates. For the same flowset, different practitioners may reconstruct flow fields with 69 
different smoothness and detail depending on how much respect they pay to local 70 
variability across individual lineaments. In those parts of a flowset sparse or lacking in 71 
bedforms, discordance between reconstructions is more likely. Subjectivity extends also 72 
to the areal limit of the flow field that the practitioner perceives as reconstructable from 73 
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a flowset. Because the flow-direction measurements are quantitative, it seems that more 74 
robust results could be gained from them. 75 
$VLQWURGXFHGIXUWKHULQ6HFWLRQE\³IORZILHOG´ZHPHDQLFH-flow direction as 76 
a mathematical function of position. Estimating this field from a finite set of 77 
observations is a spatial interpolation problem, and a quantitative approach is desirable 78 
for several reasons: (1) It allows palaeo flowlines (Figure 1d) to be traced through the 79 
field at any spatial density, unlimited by those selective flowlines drawn by the 80 
practitioner in the existing approach. (2) Equipped with uncertainty estimates, the 81 
reconstructed flow field can more reliably and usefully inform the glacial history 82 
reconstruction. (3) The reconstructed flow field can be computed on any spatial 83 
grid/mesh system for precise and comprehensive comparison with palaeo-flow fields 84 
simulated by numerical glaciological models. (4) The reconstructed field facilitates 85 
exploration of diverse aspects of ice-flow dynamics, such as a comparison of the 86 
structural features of modern and palaeo ice-flow fields (the former deriving from the 87 
present-day Antarctic and Greenland Ice Sheets). (5) Reconstructed ice-flow directions 88 
enable new geospatial analyses where they are compared or correlated against 89 
independent geomorphic or sedimentological attributes (e.g. till fabrics), or where they 90 
are studied alongside morphometric data of bedforms to elucidate their origin. We 91 
elaborate on some of these topics in Section 5.  92 
Over the past two decades, glacial geomorphological inversion attempts have 93 
conceptualised ice-flow events by using the qualitative approach, and despite 94 
developments to attach glaciological significance to flowsets (Stokes and Clark, 1999; 95 
Greenwood and Clark, 2009), a numerical method for interpolating flow fields from 96 
bedform-directional data has not been forthcoming. The vast improvements in the 97 
quality and amount of Earth-Observation data have facilitated the detection and 98 
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mapping of bedforms in increasing numbers and detail, and motivated algorithms for 99 
their automated mapping (Saha et al., 2011; Maclachlan and Eyles, 2013), but not for 100 
quantitative reconstruction of ice flow-fields from them. Recognising this opportunity, 101 
in this paper we present an accessible tool for this purpose. 102 
The basis of our kriging interpolation is explained in Section 2, and we outline its 103 
implementation in MATLAB in Section 3. Besides the flow-direction field, our method 104 
estimates planimetric convergence and curvature, which quantify the differential 105 
geometry of the reconstructed flowlines and are linked to the strain rates of the palaeo 106 
ice flow (Ng et al., in press). In Section 4 we apply the method to a flowset of the last 107 
British Ice Sheet. The numerical data and results of this case study as well as the 108 
MATLAB code are archived at doi:10.15131/shef.data.6735131. Although our exposition 109 
primarily refers to flowsets derived from populations of drumlins, crag-and-tails and 110 
MSGLs spanning tens to hundreds of kilometres, the method can be used on any type of 111 
palaeo ice-flow direction data and domains of vastly different sizes (e.g. glacial valleys 112 
where flow-direction data derive from striations, roche moutonées and flutes). 113 
 114 
2. Method 115 
2.1 General concepts and set-up 116 
Over the timescales and lengthscales of interest, glaciers and ice sheets flow viscously 117 
with a velocity field describable by continuum mechanics. Given the low aspect ratios 118 
of most ice sheets and glaciers, we ignore the vertical component of velocity and regard 119 
the field as two-dimensional. This approximation breaks down for small ice masses on 120 
rugged terrain, but can be used if only the basal flow field is being reconstructed (as in 121 
our case since, strictly, subglacial bedforms record the flow direction of ice near its 122 
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base) and if the bed is near-planar, with a relief much less than the horizontal scale 123 
being considered.  124 
We represent ice-flow direction at each position with the angle ș measuring 125 
clockwise from north (±ʌ  ș  ʌ) or with an equivalent direction vector, and 126 
reconstruct the field ș(x, y) where x and y are horizontal coordinates (Figure 2a). The 127 
directions measured from subglacial bedforms comprising each flowset are samples of 128 
this field. Throughout the paper, we call these measurements our input data (/dataset), 129 
reserving the term flowset for the group of mapped bedforms from which they derive. 130 
Reconstruction requires finding from the input data an interpolation estimate of ș at any 131 
position. We expect ș to vary continuously and be differentiable almost everywhere. 132 
Notably, although the vectors of two neighbouring, differing measurements ș1 ș2 meet 133 
ZKHQH[WHQGHGWKHLFHIORZFDQQRW³FODVK´GXHWRPDVVFRQVHUYDWLRQLHflowlines in 134 
the area will converge or diverge but not intersect. Exceptions occur at singular points 135 
near ice-flow divides, summits and saddles, but these are sparse in the flow fields being 136 
reconstructed here as they typically lie in the areas between flowsets, and are thus 137 
already factored out. 138 
Our approach follows established principles of kriging interpolation and is not 139 
fundamentally new, but contains non-standard features to overcome the problem of the 140 
µcircularity break¶ in ș at ±ʌ : ʌ (this discontinuity causes the ș-values of two similar 141 
directions on either side of south to differ substantially). Kriging is a geostatistical 142 
interpolation method that exploits the spatial structure of the measured/observed 143 
samples. It yields a best linear unbiased interpolation estimate by assuming that the field 144 
is an intrinsic random variable with spatial autocorrelative properties characterised by 145 
the variogram of the samples, which measures the variance of paired samples as a 146 
function of their separation distance. Kriging calculates the estimate as a linearly 147 
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weighted sum of the samples (kriging sum), whose coefficients (kriging weights) are 148 
optimised to minimise the expected mean square error between the estimate and the true 149 
value. For a further introduction, see the books by Isaaks and Srivastava (1989) and 150 
Kitanidis (1997). Kriging is suited to our problem because it can easily handle input 151 
data with irregular spacing, which are typical of glacial geological records. Its key steps 152 
are detailed in the next subsections and summarised in Figure 3. Gumiaux et al. (2003) 153 
outlined a methodology for kriging angular variables that focusses on geotectonic 154 
applications (e.g. strain patterns in rocks) and more on kriging orientation than 155 
direction. Our aim is similar, but we treat flow direction exclusively and supply 156 
essential equations and ready-to-use numerical code. Also we address an audience of 157 
JODFLDO JHRPRUSKRORJLVWV 7KH *HRJUDSKLF ,QIRUPDWLRQ 6\VWHPV VRIWZDUH ³$UF*,6´158 
widely used in their studies can perform kriging but not on angular data, nor can it 159 
compile vectorial semi-variance (Section 2.2) for this purpose. These tasks are simple to 160 
code in languages such as MATLAB, R, Fortran and C, whose design for matrix 161 
computation makes them efficient for solving the large systems of simultaneous 162 
equations in kriging.  163 
Our method entertains two aspects relevant to ice-flow reconstruction that have 164 
not been tackled together in the literature on direction/orientation kriging. First, when 165 
operating on the mapped directions of a flowset to estimate the flow field, the 166 
LQWHUSRODWLRQVKRXOGXQGHUWDNHVRPH³VSDWLDOVPRRWKLQJ´²in the sense that the kriged 167 
flow directions need not reproduce exactly the mapped directions (at their locations), 168 
but can deviate from them to portray a smoother field. Such smoothing is inherent in the 169 
qualitative approach, and is necessary because of uncertainty in the flow direction 170 
determined from each bedform. Some streamlined bedforms are irregularly shaped and 171 
lack a clear symmetry or axis portraying a direction. Moreover, that each bedform 172 
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records a unique direction is an idealisation, as the ice flow over it must have been 173 
three-dimensional at the bedform scale. Hence a sampled direction only approximates 174 
the local mean palaeo ice-flow direction. The level of smoothing required to suppress 175 
³measurement noise´ due to these sources of uncertainty can be gauged from how much 176 
spatially-uncorrelated variability the input data contain, as quantified by the nugget of 177 
the variogram (Section 2.2). Below, we employ a version of kriging called Continuous 178 
Part Kriging (CPK), which uses the nugget to accomplish smoothing (Section 2.3). 179 
A second aspect concerns the possibility of estimating ice flow convergence, C, 180 
and curvature, Ȥ, during the interpolation. These geometrical measures quantify how 181 
fast flowlines merge or split and how fast they curve, respectively²regardless of flow 182 
speeds (Ng, 2015; Ng et al., in press). At each position, they are defined by the spatial 183 
derivatives (Ng, 2015; Ng et al., in press) 184 
( , )C x y
n
                                                           (1) 185 
and 186 
( , )x y
s
 ,                                                         (2) 187 
where n is distance in the direction left-perpendicular to flow and s is distance along 188 
flow (Figure 2a). Thus positive C and negative C describe converging and diverging ice 189 
flow, respectively; and positive (/negative) Ȥ describes a rightward- (/leftward-) curving 190 
flow. A theory of the mathematical properties of C and Ȥ has been given by Ng et al. (in 191 
press). Our method combines CPK with the computation of spatial derivatives to 192 
estimate the fields of C and Ȥ from input data. Ice-flow convergence and divergence in 193 
plan view have been referred to in past glaciological analyses (e.g. Hambrey et al., 194 
1999; Stokes and Clark, 2003), but the use of definitions (1) and (2) to quantify them is 195 
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9 
 
a recent idea1. Ng (2015) computed a map of C for the Antarctic Ice Sheet from surface 196 
velocities measured from satellite data, and analysed C together with surface flow 197 
speeds to explore the complexity of ice-stream networks. His kriging method, outlined 198 
briefly in the Supplementary Materials of his paper, is what we detail herein. 199 
We assume that each flowset and its lineations supplying input data to our method 200 
have been identified and mapped with sound glacial-geomorphological judgement. For 201 
instance, during mapping, each flow direction has been correctly interpreted from the 202 
two possibilities offered by a bedform orientation, and cross-cutting flowsets indicating 203 
multiple ice-flow events (e.g. shown by clustered orientations of different subsets of 204 
bedforms in the same area) have been separated correctly. In addition, only flowsets 205 
FODVVLILHGDV³LVRFKURQRXV´LQWHUSUHWHGDVUHFRUGLQJLFHIORZDWWKHVDPHWLPHFDQEH206 
XVHG WKRVHFODVVLILHGDV³WLPH-WUDQVJUHVVLYH´EXLOW-up over a period of time, and thus 207 
incorporating temporal changes in ice-flow direction) are excluded (Clark, 1997). 208 
Finally, the bedform record may have been distorted or diminished by post-glacial 209 
erosion and sedimentation that alter the surface topography (Finlayson, 2013). 210 
Addressing these issues is beyond the scope of the present work. 211 
 212 
2.2 Experimental and model variograms  213 
Following standard practice, first we compile the experimental (or sample or empirical) 214 
variogram of the input direction data to quantify their spatial properties. A model fitted 215 
to this variogram is used to guide the kriging interpolation.  216 
 217 
                                                 
1
 Note that planimetric convergence and divergence here is not the same as the mathematical divergence of vector ice 
flux (׏.q) in three dimensions; see Ng et al. (in press). 
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10 
 
The variogram is a histogram plot of semi-variance Ȗ²the statistical mean-218 
squared difference between two observations²against their separation distance h. For a 219 
set of measurements zi, i     « m at the positions xi = (xi, yi) (Figure 2a), semi-220 
variance in each histogram bin of h is given by 221 
21( )
2 i jh
h
M
z z .                                                  (3) 222 
The sum is evaluated over all independent pairs of zi and zj (i  j) whose separation 223 
distance falls within the bin, and Mh is the number of those pairs (Isaaks and Srivastava, 224 
1989; Kitanidis, 1997). The factor 1/2 corrects for reciprocal double-counting. 225 
Taking flow direction ș directly as z in Equation (3) would lead to erroneous 226 
statistics due to the circularity break mentioned above; for instance, the difference 227 
between two ș-values near and on either side of south misrepresents the acute angle 228 
EHWZHHQ WKHP 7R FLUFXPYHQW WKLV SUREOHP ZH XVH <RXQJ¶V  DSSURDFK DQG229 
measure vectorial semi-variance by defining z to be the direction vector 230 
       zi = (sinși)ex + (cosși)ey                                                   (4) 231 
(ex and ey are unit vectors along the Cartesian axes) and quantifying the mismatch 232 
between flow directions by using the norm of the difference between direction vectors. 233 
$FFRUGLQJO\ WKH PRGXOXVŇŇLQ  LV executed as the vector norm (an equivalent 234 
approach is to express each direction as a complex number). 235 
The experimental variograms of geospatial variables typically show Ȗ in a rising 236 
trend with h, implying progressively less statistical correlation between two values as 237 
their separation increases. Thus nearby (/distant) observations should receive higher 238 
(/lower) weighting in the kriging interpolation. In a variogram displaying a well-defined 239 
sill (Figure 2b), the shoulder of the rise can be used to specify the kriging range Rʊthe 240 
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11 
 
radius beyond which observed samples are excluded from the interpolation because they 241 
are too weakly correlated with the desired estimate to be useful (Figures 2a and 2b). A 242 
larger R includes more samples and prolongs the kriging computation. In variograms 243 
with a rise but not a clear sill, R can be chosen as large as possible permitted by 244 
computing time constraints.  245 
The nugget is the intercept value C0 = Ȗ(h ĺ  LQGLFDWHG E\ WKH H[SHULPHQWDO246 
variogram data (Figure 2b). A non-zero nugget reflects measurement error and the 247 
amount of uncorrelated noise or short (sub-grid) scale variability at vanishing 248 
separation. By definition Ȗ(h  ŁVHH(TXDWLRQVRDYDULRJUDPZLWKQRQ-zero 249 
nugget is discontinuous at the origin. 250 
Next, a mathematical function approximating the experLPHQWDOYDULRJUDPʊFDOOHG251 
the model variogramʊQHHGV WREHGHFLGHG ,W LV IHG WR WKHNULJLQJ VWDJH IRU UHSHDWHG252 
HYDOXDWLRQ7KHPRGHOPXVWEHDFHUWDLQ³DGPLVVLEOHIXQFWLRQ´RUWKHVXPRIDGPLVVLEOH253 
functions to ensure positive definite covariances in the kriging such that the kriging 254 
variance (Equations (16) and (19) below) are positive (Armstrong, 1998). We refer the 255 
reader to Isaaks and Srivastava (1989) and Kitanidis (1997) for a range of commonly-256 
used admissible functions, e.g. linear, Gaussian, exponential, spherical. For the 257 
variogram of the flowset in our case study (Figures 2c and 2d) we adopt a model that is 258 
the sum of a linear component and a Gaussian component: 259 
2
4( / )
0 1 3( ) 1 h Ch C C H C e ,                                          (5) 260 
where 261 
2 2
2 2H h C C .                                                    (6) 262 
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The constants C0 to C4 are non-negative, and C0 is the nugget discussed above. This 263 
choice of model is motivated by the finding that, for the particular flowset being 264 
studied, a Gaussian term capturing the shoulder of the experimental variogram at h ~ 40 265 
km (Figure 2c) has an overly-flat profile for the first 10 km that severely mismatches 266 
the rising experimental data there (Figure 2d). The linear component is added for this 267 
reason. Separately, the substitution in Equation (6) modifies this component so that Ȗ(h) 268 
bends to reach zero slope at h    )LJXUH GʊWKH VPDOOHU LV C2, the shorter the 269 
distance over which this occurs. This local behaviour ensures spatial continuity and 270 
differentiabilty for the kriged variable (Kitanidis, 1997), as is required for the ice flow-271 
direction field (Section 2.1). In many kriging applications, a visual fit of the model 272 
variogram to the experimental variogram suffices, or is done initially, followed by more 273 
precise tuning of selected model variogram parameters to optimise the performance of 274 
the kriged field (this does not mean a best fit to the experimental variogram itself, 275 
because this variogram serves mainly as a guide and its data distribution varies with the 276 
histogram bin choice). Figure 2c gives the final parameters C0 to C4 used in our case 277 
study. We detail their determination in Section 4. 278 
 279 
2.3  Kriging interpolation 280 
The interpolation estimateʊRU kriged estimateʊat any position is the linearly weighted 281 
sum of nearby observations, specifically those lying within the chosen kriging range R. 282 
As described in the following, the kriging weights are found under constraints imposed 283 
by the model variogram. Since the model variogram encapsulates the spatial correlative 284 
properties of the field variable to be kriged, it serves a similar role as ³operator 285 
experience´ in the (existing) qualitative approach of conceptualising palaeo flow fields.  286 
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Let z0k be the estimate sought at the position x0 = (x0, y0). Suppose the 287 
observations within the search radius R are zi, i  «n and they lie at positions xi 288 
(Figure 2a). These may include the position of interest x0. The kriging sum takes the 289 
form 290 
0k  
1
n
i i
i
z z                                                           (7) 291 
where Ȝi are the kriging weights. For an unbiased interpolation, the weights must satisfy 292 
the condition 293 
 
1
 1
n
i
i
 .                                                           (8) 294 
The weights are specific to each position x0. They vary from position to position as the 295 
configuration and number of observations in the search area change. 296 
While the weights are scalar, zi are the unit vectors of flow direction defined in 297 
Equation (4), so Equation (7) is a Fisher vectorial sum (Fisher, 1993; Gumiaux et al., 298 
2003): the kriged estimate z0k is a vector, typically of non-unit length. Conversion of z0k 299 
to kriged flow direction șk is done by taking the arctangent of the ratio of its y-300 
component to its x-component (our code uses the MATLAB function atan2 to put șk in 301 
the right quadrant, with ±ʌ  șk  ʌ). By carrying out the interpolation at different 302 
positions across the flowset domain, one can reconstruct the field șk(x, y). 303 
We proceed to use Continuous Part Kriging (CPK) (Kitanidis, 1997; Chapter 7) 304 
to determine the weights Ȝi. In this scheme, the variogram model is written as: 305 
0 ( ) 0( )        for   
0 0
c h C hh
h
 ,                                         (9) 306 
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where C0 is the nugget and Ȗc(h) is the so-FDOOHG³FRQWLQXRXVSDUW´7KLVSDUWLWLRQLQJRIȖ 307 
recognises the observed data as the sum of random noise processes (which give rise to 308 
the nugget) and the underlying field variable to be reconstructed (the signal). By 309 
distinguishing Ȗ(h) and Ȗc(h) in the weight calculation, CPK filters out undesirable noise 310 
from the interpolation so that the reconstructed field șk(x, y) is smoothed. For the model 311 
in Equations (5) and (6), Ȗc = C1[(h2 +C22)1/2±C2] + C3[1± exp(± (h/C4)2)]. 312 
As in kriging elsewhere, the weights are found by solving a kriging system of 313 
simultaneous equations, which is derived by minimising the statistical expected mean-314 
square interpolation error. The weights make Equation (7) a best estimator in this sense. 315 
We do not detail the derivation here (see Chapter 7 of Kitanidis (1997)) but simply state 316 
the kriging system: 317 
 0 0
1
     ,          1,  2,  ... 
n
j ij ci
j
C i n ,                           (10) 318 
 
1
 1
n
j
j
    (i.e. the unbiasedness condition).                           (11) 319 
Here Ȟ is an unknown Lagrange multiplier, and Ȗij and Ȗci0 are shorthands with the 320 
following meaning: 321 
0 0( )    and    ( ) .ij i j ci c ix x x x                               (12) 322 
The modulusŇŇrefers to the vector norm as before. 323 
There are n + 1 equations in (10) and (11) for calculating the n weights and Ȟ. The 324 
system is commonly expressed in matrix form as 325 
   MȜ E                                                              (13) 326 
where 327 
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11 12 1
21 22 2
1 2
1
1
1
1 1 1 0
n
n
n n nn
M   ,                                         (14) 328 
1
2
n
Ȝ         and         
10 0
20 0
0 0
1
c
c
cn
C
C
C
b   .                                  (15) 329 
Equation (13) is solved numerically for the vector Ȝ, whose first n elements are the 330 
kriging weights being sought. 331 
In each evaluation of the kriging sum for z0k, the kriging variance is given by 332 
2
0k 0 0
1
10
20
1 2
0
[ ]    ( )
                     
n
i c i
i
c
c
n
cn
E z z x x
                               (16) 333 
(E signifies expected value). This variance is a statistical estimate of the interpolation 334 
error based solely on the variogram and the spatial configuration of observed data in the 335 
search area. It will be large (i.e. the estimate z0k is uncertain) if these data are few and 336 
lie near the edge of the kriging range. Since the kriging variance does not compare z0k 337 
against any observed value of z0 LWGRHVQ¶WHYHQLQYROYHWKHREVHUYDWLRQVzi), it does not 338 
measure the actual prediction/interpolation error. 339 
Nonetheless, the kriging variance is useful as it can be computed across the 340 
domain as a field, and setting a maximum acceptable bound on it allows us to outline 341 
the area of reliably-reconstructed flow field. For this purpose, we translate it into a 342 
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standard deviation error having the unit of angle, by normalising its square root by 343 
Ňz0kŇand taking the inverse tangent; i.e. 344 
k
2
0k 0
0k
[ ]
 arctan
E z z
z
 .                                         (17) 345 
This approximate conversion recognises that fundamentally the kriging sum estimates a 346 
vector representing ș (not ș itself), and Equation (16) quantifies the error between 347 
vectors, rather than error in the kriged angular direction șk. In Section 2.5, we describe a 348 
way of gauging the true error on kriged estimates by using existing observations; that 349 
method, however, yields results only at the observed positions, not as a field. 350 
 351 
2.4 Kriging convergence and curvature 352 
Reconstructing palaeo ice-flow convergence C and curvature Ȥ (Equations (1) and (2)) 353 
from the input data requires estimating directional derivatives. This is possible with the 354 
gradient-kriging approach developed by Philip and Kitanidis (1989). Here we combine 355 
this approach with CPK to estimate C and Ȥ associated with the kriged direction field 356 
șk(x, y). 357 
The basic idea is to apply the method of the last section to the position of interest 358 
x0 = (x0, y0), and to a neighbouring position x0* = (x0 + ǻVLQI, y0 + ǻFRVIZKHUHǻLVDQ359 
incremental distance, and I specifies the direction in which the spatial derivative is 360 
taken. Let us call the corresponding sets of kriging weights Ȝi and Ȝi*, and the kriged 361 
estimates șk and șk*. Then the kriged derivative of șk at x0 is given by 362 
*
k k
0k 0
lim  D .                                                     (18) 363 
Page 16 of 105
http://mc.manuscriptcentral.com/esp
Earth Surface Processes and Landforms
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review
 
17 
 
In the case of curvature (Ȥ= D0k), we align the increment with the kriged flow direction 364 
by setting I = șk. In the case of convergence (C = D0k), we align it in the left-365 
perpendicular direction and set I = șk ± ʌVRVLQI, cosI) = (±cosșk, sinșk).  366 
Philip and Kitanidis (1989) embedded this differentiation in the kriging 367 
minimisation and derived a new kriging system to estimate the gradient directly (their 368 
Equation (5)). But their system is tailored to non-circular scalar variables and cannot be 369 
applied to ș or z. Therefore we follow the procedure in Equation (18) above. Two 370 
comments are in order for its numerical implementation. First, the matrix M depends on 371 
the distances between the observations zi in the search radius (and on the variogram 372 
model). At each position of interest, these distances are the same when kriging for șk, 373 
kriging for șk* in the curvature calculation, or kriging for șk* in the convergence 374 
calculation; the only part of Equation (13) that changes is the vector b as we swap x0 for 375 
x0*. Consequently, it is efficient to compute the inverse matrix M±1 once and use it three 376 
times for evaluating Ȝ = M±1b. Second, care is needed when subtracting șk and șk* in 377 
Equation (18) as these angles may straddle the break at rʌ*LYHQWKHVPDOOFKDQJHǻ378 
ZHH[SHFWWKHVHDQJOHVWREHVLPLODUDQGWKHDQJOHǻș = șk ± șk* to be acute or obtuse, 379 
QRWUHIOH[7RHQVXUHWKLVZHVXEWUDFWʌIURPǻș LIǻș  !ʌDQGDGGʌWRǻș LIǻș ±380 
ʌWKLV LVGRQH LQ WKHSURJUDPwraptopi.m) before the division in Equation (18) We 381 
FKRRVHǻ PLQRXUFDOFXODWLRQVWRDSSUR[LPDWHWKHOLPLW 382 
Finally, the formula for kriging variance on the derivative of z0k (obtained via 383 
Equation (4) of Philip and Kitanidis (1989)) is  384 
2
2
0k 0 2
0
0 0*
20
1
d[ ]   
d
( ( sin , cos ) ) ( )
               lim ( )  .
c
h
n
c i c i
i i
i
E D D
h
x x x x
          (19) 385 
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The first term on the right-KDQGVLGHKHUHʊWKHVHFRQGGHULYDWLYHRIȖcʊHTXDOV C1/C2 + 386 
2C3/C42 for the variogram model in Equations (5) and (6). Conversion of Equation (19) 387 
to the kriging standard deviation (STD) in convergence and curvature (with the unit km±388 
1) is again done by normalising its square root byŇz0kŇ 389 
 390 
2.5 Validation and calibration 391 
How reliable is the reconstructed field șk(x, y)? In other words, how well does the 392 
kriging predict ice-flow directions? We assess this by performing cross-validation, in 393 
which one observation is removed from the flowset at a time, and the other observations 394 
used to predict its value by kriging (Figure 3). At each observed position xi, the 395 
observation și and its validation estimate șvi are then compared; this is an independent 396 
test because și is not used in estimating șvi. A flowset of size n generates the same 397 
number of residuals r i = șvi ± și, which should have near-zero mean and may be 398 
summarised into a root-mean-VTXDUH 506 HUURU TXDQWLI\LQJ WKH UHFRQVWUXFWLRQ¶V399 
overall success. Since the observations contain uncertainty, even the best reconstruction 400 
will not reduce the RMS error to zero. This validation process will be illustrated in our 401 
case study. Note that cross-validation of the kriged fields of convergence and curvature 402 
is not possible due to the fundamental lack of independent observations of these 403 
variables, but the RMS is still a valid indicator of kriging success because C(x, y) and 404 
Ȥ(x, y) are by-products of șk(x, y). 405 
$UHODWHGPDWWHULVFDOLEUDWLRQ7KHNULJLQJRXWFRPHVʊWKHUHFRQVWUXFWHGGLUHFWLRQ406 
field and its RMS performance, and the reconstructed convergence and curvature fields 407 
DQG WKHLU NULJLQJ 67'VʊGHSHQG RQ WKH PRGHO YDULRJUDm parameters. Consequently, 408 
after initial parameter estimates found from visual/manual fitting of the model to the 409 
experimental variogram (Section 2.2) are used in a first round of kriging, they can be 410 
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WXQHGWRDUULYHDWWKH³EHVW´UHFRQVWUXFWLRQ7KHRSWLmisation used to achieve this in our 411 
case study is detailed in Section 4. 412 
 413 
3. MATLAB Toolset 414 
Figure 3 summarises the workflow of reconstructing the ice-flow field from a mapped 415 
flowset. In the order of execution, the key steps are: (i) preparation of input data 416 
(elaborated below), (ii) compiling the experimental variogram and selecting and fitting a 417 
model variogram, (iii) kriging interpolation with the input data constrained by the model 418 
variogram, (iv) validation of kriged flow directions, (v) calibration of kriging 419 
parameters to optimise the reconstruction and (vi) presentation of the output fields șk, C 420 
and Ȥ. As in most other kriging practices, the method is interactive: user decision is 421 
needed in steps (ii) and (v).  422 
We coded the method in a folder of MATLAB programs. This toolset, as well as the 423 
LQSXWGDWDIRU³)ORZVHWIV´LQRXUFDVHVWXG\DQG its reconstructed fields, are given at 424 
doi:10.15131/shef.data.6735131. Readers wishing to familiarise with the programs can 425 
study the script file process_fs10.m, which lists the commands used to undertake a 426 
complete test run for Flowset fs10. By modifying these commands, the toolset can be 427 
applied to other flowsets. All results and plots produced in a run are stored in the sub-428 
folder /results, which first needs to be created in the ³home´folder containing the 429 
MATLAB programs. We briefly outline individual programs (e.g. function.m) in the 430 
following. More explanation of their input and output arguments can be displayed in 431 
MATLAB E\ XVLQJ WKH ZRUNVSDFH FRPPDQG ³help function´ Note that .m files 432 
QDPHGZLWKWKHZRUG³example´SHUWDLQWRIVZKLOHWKHRWKHUfiles are generic.  433 
Page 19 of 105
http://mc.manuscriptcentral.com/esp
Earth Surface Processes and Landforms
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review
 
20 
 
Input data preparation 434 
For a flowset containing n lineaments, the user prepares input data as a n-by-5 matrix F 435 
with the columns [Lineament_ID xstart ystart xend yend] and saves it to a MATLAB data file 436 
named flowset.mat in the home folder (see the flowset.mat in our toolset, for 437 
example). Each row of F refers to a lineament; Lineament_ID is its identification 438 
number specified by the user (it is not used in the kriging); xstart and ystart denote the 439 
OLQHDPHQW¶V start position, and xend and yend its end position. All distances/coordinates in 440 
our case study are measured in kilometres; if a different unit [L] is used (e.g. metre) 441 
then all distance/coordinate parameters should be in that unit, and the computed 442 
convergence and curvature have the unit [L]±1. No special row ordering in F need to be 443 
observed. For bedforms whose outlines have been mapped, these need to be first 444 
converted to lineaments for F to be prepared, or converted to direction data (that is, ș, in 445 
radian) to form the matrix F1 described below. 446 
lin_visual.m: Plot the lineaments in matrix F in map view, in a colour specified by 447 
the user. A point is plotted to mark the start position (xstart, ystart) of each lineament. 448 
make_flowdir_matrix.m: Load matrix F and create a n-by-3 matrix F1 with the 449 
columns [x, y, ș], where x and y ORFDWHHDFKOLQHDPHQW¶VPLGSRLQWDQGș is its direction 450 
in radian. Store F1 in flowset.mat. 451 
Variogram analysis 452 
find_vg.m: Compile experimental variogram data (Ȗ±h data pairs) from the position-453 
direction data in F1, using histogram bins whose edges increase from 0 to hmax in steps 454 
of dh. Both dh and hmax must be specified in the same unit as position. The user should 455 
choose hmax to be large enough so that DQ\SRWHQWLDO³VLOO´)LJXUHERIWKHvariogram 456 
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is not missed, and choose dh to be small enough to resolve the profile of the variogram, 457 
but not so small to limit the number of samples in each bin (typically, the resulting 458 
variogram will look excessively noisy in this case).  459 
compile_variogram_example.m: Script file listing commands used to calculate 460 
experimental variogram data for Flowset fs10. This example uses find_vg.m twice, at 461 
a coarse resolution (dh = 5 km, hmax = 100 km) to capture the sill, and at a fine 462 
resolution (dh = 0.5 km, hmax = 10 km) to detail the variogram profile near the origin. 463 
variogram_model_manualfit_example.m: Commands used to fit the model 464 
variogram in Equations (5) and (6) manually to the experimental variogram of fs10 and 465 
produce Figures 2c and 2d. The program plots the model curve and the experimental 466 
variogram data. The user specifies the parameters C0 to C4 on Line 20, and, by fitting 467 
the model to data through trial-and-error, determines the best parameter values. 468 
Kriging interpolation 469 
krig_pos.m: Calculate kriged estimates of flow direction șk, convergence C and 470 
curvature Ȥ (and associated kriging STDs) at the position x0 = (x0, y0) by Continuous 471 
Part Kriging, using the input data in F1, kriging range R, and the variogram model in 472 
vg_mod.m. (This program calls the next three functions.) If the experimental variogram 473 
exhibits a sill, R should be chosen near where the sill begins, beyond the shoulder of the 474 
rise (Figure 2b). In the absence of a clear sill, R can be chosen as large as possible 475 
permitted by computing time constraints. 476 
krig_sys.m: Assemble matrix M and vector b of the kriging system at the position of 477 
interest. 478 
Page 21 of 105
http://mc.manuscriptcentral.com/esp
Earth Surface Processes and Landforms
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
For Peer Review
 
22 
 
vg_mod.m: Evaluate the model variogram function in Equations (5) and (6). Different 479 
options yield Ȗ, Ȗc + C0 and the derivative d2Ȗc /dh2 for use in the kriging equations 480 
(Sections 2.3 and 2.4). 481 
wraptopi.m: Wrap the difference of two angles to the range ±ʌWRʌZKHQVXEWUDFWLQJ482 
them. 483 
krig_domain.m:  Use krig_pos.m to estimate the gridded fields of șk, C and Ȥ 484 
across a rectangular domain and at  the grid resolutions dx and dy specified by the user, 485 
and save the outputs to results/kriging_results.mat. The domain is defined by 486 
its edge positions in the vector [xmin xmax ymin ymax]. A typical choice is set it to 487 
contain an entire flowset. The output fields have the grid dimensions (xmax±xmin)/dx 488 
by (ymax±ymin)/dy (or to the nearest integers after rounding). Small values of dx and 489 
dy lead to a finely-resolved reconstruction, but demand long computation time. 490 
krig_fs10_example.m: Commands used to reconstruct the gridded fields for Flowset 491 
fs10 in x = 330±430 km and y = 600±680 km at 0.5 km resolution (see Figures 5 and 6 492 
and Section 4). 493 
trace_flowlines.m: Starting from positions defined by mouse clicks in the domain, 494 
trace a flowline through each position by kriging the flow direction at successive 495 
locations both upstream and downstream; i.e. compute integral curves through șk(x, y). 496 
Validation 497 
krig_validation.m: Cross-validate the flow-direction kriging by computing the 498 
validation estimate șvi for each observation și and compiling the list of residuals and 499 
their RMS (Section 2.5). 500 
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4. Case Study 501 
4.1  Source data 502 
Flowset fs10 is located in the Tweed Valley in the border region of Scotland and 503 
northeast England in the UK (Figure 4). It was used by Hughes et al. (2014) in their 504 
reconstruction of the evolution of flow dynamics of the British Ice Sheet (BIS) during 505 
the last glacial. These authors interpreted fs10 as an isochronous flowset, and, like 506 
earlier authors (e.g. Everest et al., 2005), as the imprint of a palaeo ice stream draining 507 
east towards the North Sea: the Tweed Ice Stream. The spatial pattern of subglacial 508 
bedforms that comprise fs10 (Figure 4) portrays convergent ice flow constrained by 509 
higher basal topography in the northwest, and to the south where the pattern curves 510 
around the Cheviot Hills. The precise age of this ice-flow event is uncertain. Hughes et 511 
al. (2014) assigned fs10 to Stage 7 in their relative chronology based on cross-cutting 512 
relationships between flowsets and glaciological consistency of flowset combinations at 513 
the ice-sheet scale; Stage 7 follows decoupling of the BIS from the Scandinavian Ice 514 
Sheet. By considering this assignment together with the absolute chronological 515 
envelope available at the time (Hughes et al., 2011) and marine-core evidence of ice-516 
sheet activity in the North Sea, they placed Stage 7 in the early part of the period ׽22±517 
15 ka. Based on a compilation of absolute dates (Hughes et al., 2011) and a 518 
reconstruction of the retreat pattern of the BIS (Clark et al., 2012), the Tweed region 519 
was likely deglaciated between 17 and 16 ka, and this can be taken as a minimum age 520 
for the operation of the Tweed Ice Stream. 521 
The mapped bedforms in fs10 consist of 1044 drumlins, 713 crag-and-tails and 522 
248 MSGLs (Figure 4). Mapping was done from high-resolution surface DEM 523 
(NEXTMap Britain DEM from Intermap Technologies; 5 m cell size) and Landsat 524 
imagery (15 m cell size in panchromatic band) (Hughes et al., 2010). Crag-and-tails 525 
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were mapped as lineaments, MSGLs as lineaments, or DV µpolylines¶ (a term in 526 
Geographic Information Systems meaning linked sequences of straight segments) if 527 
they curve, and drumlins as polygons tracing the outline along their topographic break-528 
of-slope. The mapped data have been integrated into the BRITICE version 2 dataset 529 
(Clark et al., 2017). When gathering flow-direction input data for kriging, we converted 530 
the outline of each drumlin to a lineament by constructing its longest transect, which 531 
approximates the crest line of the drumlin. 532 
We emphasise that other populous flowsets could be chosen to illustrate our 533 
method, and fs10 is used here not because it leads to more successful results, although 534 
several reasons make it an interesting and suitable choice. The bedforms in its area do 535 
not show pronounced cross-cutting that demands extensive flowset separation or implies 536 
a high risk of misappropriation of individual landforms; some cross-cutting occurs in its 537 
far southeast corner with another flowset and separation has already been done there 538 
(Hughes et al., 2014). Reconstructing the palaeo ice-flow field of fs10 can also yield 539 
quantitative data that enrich our understanding of Tweed Ice Stream; however, note that 540 
WKLV SDSHU¶V DLP LV FKLHIO\ PHWKRGRORJLFDO DQG QRW Volely to deliver glaciological 541 
insights. Finally, fs10 shows a systematic distribution of bedform types, with MSGLs 542 
dominating its central part and drumlins and crag-and-tails occupying more peripheral 543 
regions (Figure 4). This raises the opportunity of performing a reconstruction with 544 
drumlins and crag-and-tails only and seeing how well the reconstructed flow field 545 
agrees with the mapped MSGL trajectories, which provide an independent record of the 546 
palaeo flowlines. 547 
The most informed reconstruction would still employ the flow-direction 548 
measurements of all three bedforms. Therefore we undertook two specific 549 
reconstruction runs, one using the full flowset of drumlins, crag-and-tails and MSGLs, 550 
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and the other using a partial flowset excluding the MSGLs. We refer WRWKHVHDV³IXOO´551 
DQG³SDUWLDO´UHFRQVWUXFWLRQVRUUXQVEHORZ7KHSDUWLDOUXQmimics the scenario of a 552 
sparser flowset with larger gaps. A comparison of its outcome to that of the full run 553 
demonstrates how increased (/reduced) coverage and density of measurements improve 554 
(/degrade) a reconstruction. In the full reconstruction, the segments of each MSGL 555 
polyline are treated as lineaments. There are 632 MSGL segments in total, so the full 556 
input dataset has 2389 lineaments. In the partial reconstruction, the MSGL segments 557 
offer measured directions for comparison with the kriged flow directions.  558 
As reported below, we also explored the effect of sparse input data by conducting 559 
reconstruction runs where the number of bedforms used in the input was successively 560 
reduced from the total available. 561 
 562 
4.2 Flow-field reconstruction 563 
The method of Sections 2 and 3 was applied to the full and partial input datasets. The 564 
experimental variograms of these datasets (Figures 2c and 2d) show the approximate 565 
nuggets of C0 = 0.010 and 0.013, respectively. The first bin in h (0±0.5 km, Figure 2d) 566 
are ignored in this estimation because they are severely undersampled in terms of paired 567 
input data (zi and zj in Equation (3)) compared to larger bins. The full input dataset 568 
exhibits lower semi-variance than the partial dataset at all h. This is due to the low 569 
curvature of MSGLs, which enhances the spatial correlation between flow directions in 570 
the full dataset. For all of our reconstructions, we fixed the kriging range R at 50 km, 571 
beyond the shoulder of the rise of the experimental variogram data. 572 
Our choice of the model variogram function in Equations (5) and (6) was justified 573 
in Section 2.2. Manual fitting of it to the experimental variograms yielded the 574 
parameters C1 = 0.0025, C3 = 0.28 and C4 = 28 for the full input dataset and C1 = 575 
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0.0038, C3 = 0.40 and C4 = 40 for the partial input dataset. The nuggets C0 are as stated 576 
above. While C1, C3 and C4 are well constrained by the long-range profiles of the binned 577 
data points and C0 is well constrained by their apparent zero-intercepts, we found that 578 
C2 is not: a sizeable range (~0.25±2) in this parameter gives plausible-looking fits. This 579 
is because C2 determines the local curve shape of the model near h = 0 (Section 2.2), 580 
and this is difficult to gauge from the first few data points in h  2 km. 581 
This curve shape near h = 0 controls the smoothness of the kriged fields of șk, C 582 
and Ȥ and the expected errors on them. A large C2 would flatten the curve so the model 583 
assigns similar semi-variance up to large h. Then observations within a large radius 584 
from the kriging position receive similar kriging weights, and the kriging resembles a 585 
³ODUJH-ZLQGRZ DYHUDJLQJ´ RSHUDWLRQ WKDW JLYHV D YHU\ VPRRWK RXWSXW ILHOG șk and, 586 
accordingly, large errors between șk and ș-observations. We expect the opposite 587 
outcomes if C2 is small. In contrast, the shape of the variogram model at h §WHQVRINP588 
affects the outputs weakly because observations near the range R receive negligible 589 
kriging weights. These anticipated effects are consistent with conventional wisdom in 590 
kriging and confirmed by kriging test runs where we varied different parameters (see 591 
also discussion around Figure 6 below). Thus C2 is the most sensitive parameter in the 592 
fitting. Consequently, we kept C0, C1, C3 and C4 at the above values and calibrated C2 to 593 
maximise the overall kriging performance. Our rationale behind this optimisation is 594 
elaborated below. The final values of C2 used are 1.0 in the full reconstruction and 0.8 595 
in the partial reconstruction. 596 
Figure 5 presents the results of the full recRQVWUXFWLRQʊits kriged fields of flow 597 
direction șk, convergence C and curvature Ȥ (panels c, e, g) and the associated kriging 598 
standard deviations (STDs) (panels d, f, h). Figure 5a shows the present-day surface 599 
topography of the area, and Figure 5b plots sample flowlines computed with 600 
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trace_flowlines.m on the map of lineaments. The kriging STDs quantify 601 
uncertainty in the kriged fields. As expected, they are lower in areas more densely 602 
covered by lineaments (because more observations fall in the kriging range) and 603 
increase with distance away from the flowset overall. We use the 12° contour of the 604 
STD in șk to delineate a boundary for the usable reconstruction. This threshold is not 605 
definitive but allows us to block out uncertain areas when examining the reconstructed 606 
fields (Figures 5c, e, g). The kriging STDs in C and Ȥ are similar and show a high ridge 607 
in the south-east corner of the domain, due to the tightly-curving pattern of lineaments 608 
surrounding this area. 609 
The smoothing effect of our CPK method is evidenced by the smoothness of the 610 
reconstructed fields and flowlines, and by the mismatch between șk and measured flow 611 
GLUHFWLRQV DW WKH ODWWHU¶V SRVLWLRQV FRPSDUH IORZOLQHV ZLWK OLQHDPHQWV LQ )LJXUH E612 
Cross-validation of șk in the full reconstruction yielded the residuals shown in Figure 613 
6a. These residuals are uncorrelated and have a near-zero mean (0.0065°) and an RMS 614 
of 5.57°. They are largest for drumlins, smaller for crag-and-tails and smallest for the 615 
MSGL segments, reflecting more irregularity in the shape of drumlins and/or higher 616 
uncertainty when inferring ice-flow direction from them than the other two streamlined 617 
bedforms. The small residuals for MSGLs segments (RMS = 2.72°) attest their 618 
reliability as flow-direction indicators. 619 
Two considerations enter our choice of the model-variogram parameter C2. One of 620 
them is validation performance in șk in terms of the RMS. Multiple kriging experiments 621 
show that the RMS increases with C2 (Figure 6b, black solid line) and does not vanish if 622 
C2 = 0 (as is consistent with CPK; Section 2). A second consideration relevant to ice-623 
flow reconstructions is uncertainty in C and Ȥ. As these fields cannot be cross-validated, 624 
we assess this uncertainty by using their kriging STDs. The black dashed line in Figure 625 
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6b plots the mean kriging STD in C in the usable reconstruction area (within the 12° 626 
contour mentioned above); results for Ȥ are almost the same. Raising C2 smooths the 627 
convergence and curvature fields more, so they are less affected by short-scale 628 
error/variability in the lineament directions; thus, the STD measuring their statistical 629 
uncertainty decreases with C2. Optimisation of C2 would mean achieving low RMS for 630 
șk and low STD for C and Ȥ as far as possible. But since these measures of 631 
error/uncertainty are incompatible (they have different units), the optimisation cannot be 632 
unique. Recognising this, here we decide reasonable values for C2 in the full 633 
reconstruction (black dots, Figure 6b) and in the partial reconstruction (grey dots & 634 
FXUYHV)LJXUHEE\NHHSLQJERWKHUURUPHDVXUHVDFFHSWDEO\ORZ,QSULQFLSOHD³FRVW635 
IXQFWLRQ´ FRPELQLQJ WKHVH PHDVXUHV would enable  a precise optimisation, if the 636 
practitioner knows how to weigh them against each other. 637 
7XUQLQJWRWKHUHFRQVWUXFWHGIORZILHOGWKHIORZOLQHV)LJXUHEGHSLFWD³PDLQ638 
IORZ´ What converges towards the northeast in its upstream part and becomes more 639 
parallel or weakly diverging as it turns towards the east and then southeast downstream; 640 
incoming flow joins it from the north. The downstream part can be interpreted as the 641 
trunk of the Tweed Ice Stream. Strong convergence in the western and northern halves 642 
of the flowset domain (Figure 5e) and a bipolar curvature distribution (Figure 5g; Ȥ> 0 643 
in the trunk, Ȥ< 0 in the incoming flow) confirm this pattern. C and Ȥ reach values of 644 
r0.2 km±1 and show spatial variations on length-scales down to several kilometres. We 645 
make further glaciological interpretations from Figure 5 in the next section. 646 
Results in the partial reconstruction (Figure 7) are qualitatively similar but show 647 
greater uncertainty (compare grey dots with black dots in Figure 6b) and less detailed 648 
variations in the trunk, because its input data exclude MSGLs. The kriging STDs in the 649 
trunk are higher by ~70% in șk and ~160% in C than in the full run. Departures of the 650 
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partial run from the full run can be seen from scatterplots comparing șk, C and Ȥ 651 
between these runs (Figures 8a±c). șk in the partial run can predict ș measured from 652 
MSGL segments to within an RMS error of 4° (Figure 8d). Two experiments with still 653 
smaller input datasetsʊone compiled from the drumlins only, the other from the crag-654 
and-tails onlyʊshow that the reconstruction degrades further as more lineaments are 655 
excluded from the input (the reconstructed fields are not analysed here). The respective 656 
statistics in the same comparisons as those in Figures 8a±d (following the order of the 657 
figure panels) are Pearson R = 0.993, 0.828, 0.887 and 0.955 (with RMSE = 4.61°) for 658 
drumlins only, and Pearson R = 0.994, 0.757, 0.824 and 0.931 (with RMSE = 6.19°) for 659 
crag-and-tails only. These results demonstrate that small departures in șk can cause 660 
significant departures in the reconstructed convergence and curvature. 661 
We investigated the effect of the spatial density of the input data more generally, 662 
by conducting additional reconstructions that used successively smaller subsets of fs10. 663 
First we removed 205 bedforms²chosen randomly, regardless of bedform type²from 664 
the total number of 2005 in fs10, to generate the input dataset for a run with 1800 665 
bedforms. When a MSGL was chosen, all segments of its polyline were excluded. This 666 
procedure was repeated by removing 200 bedforms at a time. Thus we conducted nine 667 
runs with inputs compiled from bedforms numbering from 200 to 1800, in steps of 200. 668 
In contrast to the partial run (which used all drumlins and crag-and-tails, and no 669 
MSGLs), these runs imitate scenarios where all three types of bedforms are mapped but 670 
some have been missed. Note that a Monte-Carlo experiment using many different 671 
random successions of such sets of nine runs is also possible. This was not undertaken, 672 
as we wish to see only the typical trend of the results.  673 
Following again the scheme of Figure 8, for each run we examined the 674 
correlations between the kriged values of șk, C and Ȥ and those in the full reconstruction 675 
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(Figure 9a) and how well șk predicts the colocated flow directions measured from 676 
MSGL segments in our full dataset (Figure 9b). As expected, the reconstruction 677 
progressively deviates from the full reconstruction as the size of the input dataset is 678 
reduced. While departures in kriged flow directions are minimal (Pearson R > 0.95 in 679 
Figures 9a and 9b; RMS error < 4° in Figure 9b), the kriged convergence and curvature 680 
fields degrade strongly when the input uses fewer than ~500 bedforms²when their 681 
mean spatial density falls below ~0.2 km±2. Importantly, since we have studied only one 682 
flowset, this density and these findings do not necessarily reflect the minimum input-683 
data requirement for achieving a reasonable or robust reconstruction with other 684 
flowsets, whose kriging outcomes may depend differently on the bedform abundance, 685 
distribution and orientation used in the input. Figures 9c and 9d show two of the flow 686 
fields reconstructed in the run using 200 bedforms. While the reconstructed flowline 687 
pattern visually resembles the ones in Figures 5b and 7b, the reconstructed convergence 688 
field is noticeably smoother and short of detailed features (cf. Figures 5e and 7c).  689 
 690 
4.3 Palaeo-glaciological findings 691 
What do we learn from the full reconstruction about the configuration and dynamics of 692 
Tweed Ice Stream? We analyse here the reconstructed fields alongside the bed 693 
topography (Figure 5a) and the bedform distribution in the flowset.  694 
While the overall impression of flow converging into the purported ice-stream 695 
trunk can be gained from the flowset without tracing precise flowlines, the 696 
reconstruction quantifies the pattern with novel information. The convergence and 697 
curvature fields have magnitudes on the order of r10±1 km±1 (Figure 5), as seen on 698 
Antarctic ice-stream networks (see Figure 1 of Ng, 2015). In the upstream part of the 699 
trunk, the reconstructed flow is markedly non-uniform and shows strong convergence 700 
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interspersed with GLYHUJHQFH)LJXUHH7KHFRUUHVSRQGLQJ³ULSSOHV´RIFRQYHUJHQFH701 
with spacing of a few to ~10 km and axes sub-parallel to the flow direction (Figure 5e), 702 
are commonly found on contemporary ice streams, especially in their onset zones and 703 
tributaries where ice flow accelerates (Ng, 2015). In the full reconstruction, ripples in 704 
curvature oriented transversely to the flow (Figure 5g) accompany the convergence 705 
ripples, highlighting irregularities of the flow field. Comparison of Figures 5e and 5g 706 
with the bed DEM in Figure 5a shows that the ripple amplitudes are strongest in the 707 
upper part of the Tweed Valley where the underlying topography is rugged (area 708 
enclosed by dashed curves in Figures 5a, e and g). Their amplitudes decay into the trunk 709 
where the bed relief is low. This correlation suggests that the ripples record 710 
perturbations of the ice flow by undulating bed topography (Gudmundsson, 2003; Ng et 711 
al., in press) on length-scales of several to ~10 km. We identify three sites (ellipses in 712 
Figures 5a and 5e) where a prominent basal ridge or bump seems to have caused flow 713 
GLYHUJHQFHRQLWVVWRVVVLGHDQGFRQYHUJHQFHRQLWVOHHVLGH6LPLODU³GLSROHV´LQC have 714 
been observed on the Antarctic Ice Sheet (Ng, 2015; Ely et al., 2017). 715 
Another discovery from the reconstruction which corroborates the idea that 716 
Flowset fs10 records ice-stream flow is evidence of the lateral shear margins of flow. In 717 
Figure 3 of their paper, Everest et al. (2005) delineated the locations of the northern and 718 
southern margins of Tweed Ice Stream, which we reproduce here in Figures 4 and 9. 719 
The identification of these margins by these authors appears to be based on the 720 
transition between streamlined and non-streamlined bed surfaces and/or where the 721 
smooth valley floor meets the higher relief of the uplands. Our reconstruction reveals 722 
WKH LFH VWUHDP¶V ODWHUDO PDUJLQV LQ D GLIIHUHQW ZD\ 7KH FRQYHUJHQFH ILHOG VKRZV723 
strongly positive C-values along two distinct stretches, as indicated by the two bold 724 
dashed lines in Figure 5e. The northern stretch is about 25 km long; flowlines funnel 725 
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tightly towards it from upstream and cross obliquely into its southern side (Figure 5b). 726 
This stretch coincides with a boundary between drumlins to the north and the 727 
considerably longer MSGLs to the south (Figures 4 and 10a). By assuming tentatively 728 
that drumlins reflect slower ice flow and MSGLs faster ice flow, we infer a distinct 729 
speed change that indicates shearing across the boundary. The C-values along the 730 
stretch are 0.1±0.2 km±1 (with low kriging STDs د0.04 km±1), similar to those observed 731 
for Antarctic ice-stream shear margins (Ng, 2015). Together, the convergence signature, 732 
the shearing implied by the bedform-length transition, and the flowline pattern 733 
surrounding the stretch identify it as the northern ice-stream shear margin. Its position, 734 
which is unchanged if we located it with the partial reconstruction (Figure 7c), lies 735 
several kilometres south of the margin mapped by Everest et al. (2005) (Figures 4 and 736 
10a). The northern limit of Flowset fs10 as inferred by Hughes at al. (2014) is also 737 
further north of this margin, indicating that this flowset includes both the ice stream and 738 
contributing flow from slower-moving tributaries. Our inspection of this margin using 739 
multiple hill-shaded renditions of the NEXTMap Britain DEM (e.g. Figure 10a) shows 740 
that despite the clear change in bedform imprint across it, no shear-margin moraine is 741 
visible.  742 
Similarly, we identify the other convergent stretch in Figure 5e as the southern 743 
ice-stream margin. Its upstream part deviates from the southern margin located by 744 
Everest et al. (2005) (Figures 4 and 10b). This ice-stream margin seems to be largely 745 
controlled by the underlying bed topography, as it lies at the base of the northern slope 746 
of the Cheviot Hills (Figure 10b). As shown by Figure 4, the ice-stream trunk in our 747 
UHFRQVWUXFWLRQLVUDWKHUXQLIRUPLQZLGWK§NPDQGGRHVQRWQDUURZDVVKDUSO\DVLQ748 
the reconstruction by Everest et al. (2005). 749 
 750 
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5. Discussions and Conclusion 751 
We have presented a tool (with MATLAB implementation) for estimating palaeo ice-flow 752 
fields by kriging the flow directions recorded by subglacial bedforms. Any point data 753 
with a direction value can be used as input, including those derived from striations as 754 
well as streamlined bedforms such as drumlins and MSGLs. The method is a step 755 
forward from the traditional approach of relying on human vision to conceptualise the 756 
flow field, which does not yield quantitative results. Application of the method to a 757 
flowset from the Tweed Valley, NE England (Section 4) demonstrates its feasibility, the 758 
level of detail achievable in the reconstructed fields (Figure 5) and the potential of using 759 
these for glaciological interpretations. We conclude by commenting on general aspects 760 
of the method and anticipating applications for its use. 761 
Does the method succeed? Let us emphasise first that kriging interpolation always 762 
³ZRUNV´WKHNH\TXHVWLRQLVZKHWKHUWKHLQSXWGDWDSRUWUD\DFRKHUHQWSDWWHUQVXFKWKDW763 
the kriged flow field is reliable. The level of coherence, as reflected by the kriging 764 
deviations on șk, C and Ȥ (e.g. Figures 5d, f, h), depends on the density and distribution 765 
of lineaments and their spread of directions, and may vary across a flowset. Lower 766 
density and higher spread are expected to give a less certain flow field.  767 
However, our method is not without caveats or room for development. In the 768 
toolset we assembled, the user needs to fit the model variogram and choose key kriging 769 
parameters (range, nugget) manually. Although this procedure can be done via 770 
computerised optimisations that minimise the misfit, the potential diversity of 771 
experimental-variogram data for different flowsets means that it cannot be fully 772 
automated (sometimes or some user intervention is necessary). It is important to note 773 
that kriging is not entirely free of subjectiviW\ʊVRPHVXEMHFWLYLW\OLHVLQWKRVHFKRLFHV774 
But unlike in the human-visual approach, the choices are informed by experimental-775 
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YDULRJUDPGDWDZKLFKUHSODFHWKHRSHUDWRU¶VH[SHULHQFHDQGSHUFHSWLRQRISDWWHUQVLQD776 
flowset), and both the sensitivity of the reconstructed flow fields to those choices and 777 
uncertainty estimates for the fields are reproducible. 778 
In this connection, our kriging scheme assumes the same autocorrelative 779 
properties (the same model variogram) for observations lying in different directions 780 
around each position where an estimate is sought. Not having investigated the 781 
directionality of the experimental variograms of many flowsets, at this stage we do not 782 
know how widespread is anisotropy in the correlative properties of glacial flow fields 783 
and whether some flowsets demand more sophisticated treatment²see Friedland et al. 784 
(2017) for an application of anisotropic kriging to wind-speed data. Also, interpolation 785 
methods such as Inverse Distance Weighting has not been explored here. It may be 786 
useful to compare them (after adaptation for angular data) against kriging, as has been 787 
done in other geoenvironmental settings (e.g. Zimmerman et al., 1999; Lu and Wong, 788 
2008). 789 
In the palaeo ice-sheet reconstruction context, flow fields computed by our 790 
method cannot be independently validated if all relevant direction measurements have 791 
been used as input; only cross-validation is possible (Section 2.5). This limitation is also 792 
true for the traditional qualitative approach. Neither do flow fields simulated by 793 
thermomechanical models of palaeo ice flow offer an independent validation, as quite 794 
likely they are to be tested against our reconstruction, which is constrained by bedform 795 
observations. A way of testing our method extensively is to use observations from 796 
contemporary ice sheets, by sub-sampling their flow directions to feed into our method 797 
and using the rest to evaluate its performance. 798 
Our method is readily applicable to the large number of flowsets and directional 799 
glacial bedforms reported in the literature and archived in projects such as BRITICE 800 
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(Clark et al., 2017), which include bedforms mapped from terrestrial surfaces, by 801 
acoustic sounding of submarine surfaces (e.g. Dowdeswell et al., 2016), and by radar 802 
sounding of present-day subglacial topography (e.g. King et al., 2016). In gathering the 803 
input flow-direction data, MSGLs can be segmented as done in the Tweed Valley study. 804 
As we learned from this case study, the reconstructed ice-flow fields may help us 805 
recognise sub-units of flow and characterise or locate dynamical features (e.g. shear 806 
margins, convergence dipoles) that are difficult to discern otherwise. Thus there is 807 
opportunity to enrich the large-scale ice-sheet reconstructions with detailed flow-808 
structure analyses. In these reconstructions, flowsets can also be classified by their 809 
(areal-averaged) kriging uncertainty to inform decisions behind interpretations of the 810 
ice-sheet history and dynamics. Another possibility is systematic study of the patterns of 811 
convergence and curvature of palaeo ice streams, which can be done alongside the 812 
study of contemporary ice streams (Ng, 2015). 813 
,Q WKH H[DFWLQJ SURFHVV IURP EHGIRUP PDSSLQJ WR UHFRQVWUXFWLQJ DQ LFH VKHHW¶V814 
history, one of the most important steps is in the grouping of bedforms/lineaments into 815 
flowsets. Erroneous groupings can mislead or introduce errors into the final 816 
reconstruction. This step involves deciding whether lineaments in an area belong to one 817 
flowset or to multiple (cross-FXWWLQJ RU DGMDFHQW IORZVHWVʊDQG LQ WKH ODWWHU FDVH818 
deciding to which flowset they belong. This pattern recognition is non-trivial and has so 819 
far been performed manually (e.g. Greenwood and Clark, 2009) and therefore may vary 820 
due to skill and experience between practitioners. Our tool can be used to check its 821 
outcome, and potentially to test the plausibility of different flowset groupings. Notably, 822 
flowsets classified as isochronous but found to have statistically high kriging 823 
uncertainty on their reconstructed ice-flow fields, may lead one to query their 824 
isochroneity and decide whether further subdivision into multiple flowsets is required. 825 
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Across many flowsets, one may expect the population of time-transgressive flowsets to 826 
have statistically higher kriging uncertainty than the isochronous population.  827 
Our reconstruction method may more specifically aid the separation of cross-828 
cutting flowsets. These flowsets result from the superposition of imprints of different 829 
ice-flow events at different times leading to a palimpsest landscape of ice-flow  830 
signatures, a cumulative result of ice-flow history over an area. Suppose a preliminary 831 
choice has been made to disentangle two cross-cutting flowsets. The cross-validation 832 
residuals found from kriging their ice-flow fields (e.g. Figure 6a) may identify some 833 
lineaments whose directions fit poorly with the reconstructed flowlines; i.e. they have 834 
large residuals in ș. These lineaments can be selectively reassigned to the other flowset 835 
to find the combination that optimises the fit for all lineaments and the kriging STDs of 836 
both reconstructed fields. Recently, Smith et al. (2016) developed a semi-automated 837 
algorithm for separating cross-cutting flowsets that employs the statistics (notably, 838 
clusteredness) of bedform directions and lengths. Our idea here can be integrated with 839 
their algorithm to refine the separation. We leave this challenge to future work. Also on 840 
the horizon are prospects of using artificial intelligence to tackle the pattern-recognition 841 
tasks in ice-sheet reconstructions based on geological datasets. Our current study is 842 
partly motivated by the fact that such an approach requires quantitative analyses of data. 843 
Finally, our method may be used to derive contextual information on palaeo ice-844 
flow configurations for the study of subglacial geomorphological and sedimentological 845 
processes²for instance, investigations of how ice-flow direction relates to the 846 
development of preferred orientation in till fabrics (e.g. Iverson, 2017) or directional 847 
anisotropy in bed topographic roughness (e.g. Spagnolo et al., 2017). Furthermore, there 848 
has been a growing literature that amasses and analyses morphometric data of subglacial 849 
bedforms (Clark et al., 2009; Hess and Briner, 2009; Spagnolo et al., 2010, 2011; 850 
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Maclachlan and Eyles, 2013; Ely et al., 2016; Livingstone et al., 2016) to infer the 851 
processes and factors behind their genesis, sculpting and preservation. Knowledge of 852 
the palaeo ice-flow conditions (e.g. basal stress and velocities) during subglacial 853 
bedform formation has hitherto, been mostly or entirely lacking from such analyses 854 
because the ice is no longer present. With our method, convergence and curvature are 855 
novel parameters of the flow that can now be reconstructed and involved in these 856 
analyses. 857 
 858 
 859 
Note: The files of our toolset and computed data are accessible via 860 
https://figshare.com/s/a860caa183b33d8baf42 while the archival site 861 
doi:10.15131/shef.data.6735131 awaits activation. 862 
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Figure Captions 1024 
 1025 
Figure 1. Steps of reconstructing paleo ice-flow event from streamlined bedforms. (a) 1026 
Mapping of bedforms as lineaments on source satellite imagery or digital topography of 1027 
the deglaciated land surface. The example shown derives from the NEXTMap Britain 1028 
DEM. Its location is unimportant as the other panels are hypothetical. (b) Lineaments 1029 
identified as belonging to an isochronous flowset. (c) Ice-flow event conceptualised 1030 
from the lineament pattern. (d) Palaeo ice flowlines traced on a continuous field of ice-1031 
flow direction that has been estimated from direction vectors (arrows) derived from the 1032 
mapped lineaments. The manual, qualitative step from (b) to (c) is the traditional 1033 
method. This paper describes a quantitative method for the step from (b) to (d) that uses 1034 
kriging to reconstruct the palaeo ice-flow direction field. 1035 
 1036 
Figure 2. (a) Symbols used to describe the flow-direction field ș(x, y) and observed 1037 
data, and definition of convergence C and curvature Ȥ. Observations are shown as unit 1038 
vectors. Kriging at a point of interest x0 uses observations within the range R. (b) 1039 
Schematic of an experimental variogram and a model used to approximate it. (c, d) 1040 
Experimental and model variograms for Flowset fs10 of our case study. Panel d 1041 
enlarges the area in c near the origin. Experimental-variogram data are compiled at two 1042 
bin sizes for the full flowset of drumlins, crag-and-tails and MSGL segments (black) 1043 
and a partial flowset excluding MSGL segments (grey). Model curves plot Equations 1044 
(5) and (6) evaluated using the parameters listed in panel c. 1045 
 1046 
Figure 3. Overview of our kriging method of ice-flow field reconstruction. MATLAB 1047 
programs performing key tasks are named in italics. User decision is required for 1048 
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choosing the variogram model, fitting it to the experimental variogram and optimising 1049 
its parameters. Validation and calibration pathways are dashed for clarity. 1050 
 1051 
Figure 4. The Tweed Valley region and distribution of streamlined bedforms in Flowset 1052 
fs10 identifed by Hughes et al. (2014). Bedforms mapped in the area but associated with 1053 
other flowsets are not shown. Coordinates are in British National Grid. Background 1054 
portrays surface elevations from the Ordnance Survey (OS) Terrain 50. The general 1055 
palaeo ice-flow direction is from west to east. The lateral margins of Tweed Ice Stream 1056 
inferred by Everest et al. (2005) and inferred from our reconstructed flow field and the 1057 
areas enlarged in Figure 10 are indicated. 1058 
 1059 
Figure 5. Results of palaeo ice-flow field reconstruction for Flowset fs10 using its full 1060 
input dataset of drumlins, crag-and-tails and MSGLs. All reconstructed fields are given 1061 
at 0.5 km resolution. (a) Bed topography from the OS Terrain 50 digital elevation model 1062 
(50 m cell size). (b) Reconstructed flowlines overlain on the mapped lineaments. Kriged 1063 
fields of (c) flow direction, (e) convergence and (g) curvature, and the corresponding 1064 
fields of kriging standard deviations (d, f, h). Thick dashed lines mark ice-stream 1065 
margins inferred from the convergence field in (e). Thin dashed curve highlights 1066 
prominent convergence and curvature ripples. Ellipses in (a) and (e) locate basal bumps 1067 
and the associated convergence dipoles. In the panels on the right, the short traces depict 1068 
bedform lineaments; thin white loops mark the 12° contour in kriging standard 1069 
deviation in flow direction. 1070 
 1071 
Figure 6. (a) Residuals of kriged flow direction at the positions of lineaments, found 1072 
from cross-validation of the full reconstruction with C2 = 1.0. (b) Impact of model-1073 
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46 
 
variogram parameter C2 on the RMS of the cross-validation residuals (solid lines; left-1074 
hand axis) and on the mean kriging STD in convergence (dashed lines; right-hand axis) 1075 
in the full reconstruction (black) and the partial reconstruction (grey). Vertical lines 1076 
indicate our choices of C2 in these reconstructions. 1077 
 1078 
Figure 7. Key results of palaeo ice-flow reconstruction with Flowset fs10 using a partial 1079 
input dataset of only drumlins and crag-and-tails. (a, c, d) Kriged fields of flow 1080 
direction, convergence and curvature. (b) Traced flowlines and lineaments used in the 1081 
reconstruction. Dashed lines are the ice-stream margins from Figure 5. 1082 
 1083 
Figure 8. (a to c) Correlation between reconstructed flow direction, convergence and 1084 
curvature in the partial reconstruction (vertical axes) and their values at the same grid 1085 
locations in the full reconstruction (horizontal axes). (d) Observed flow direction 1086 
derived from MSGL segments versus flow direction predicted by the partial 1087 
reconstruction at their mid-point locations. All four correlations are statistically 1088 
significant with p << 0.05. 1089 
 1090 
Figure 9. Performance of nine additional reconstructions that use different subsets 1091 
(reduced numbers) of the bedforms in Flowset fs10 as input. (a) Correlation between 1092 
flow direction șk, convergence C and curvature Ȥ reconstructed in each run and their 1093 
values at the same grid locations in the full reconstruction. The line shows the mean 1094 
spatial density of bedforms in each run, calculated from their abundance and the 1095 
DSSUR[LPDWHERXQGLQJDUHDRI WKHIORZVHW§NP2). (b) Correlation between flow 1096 
directions reconstructed in each run at the mid-points of MSGL segments and observed 1097 
flow directions inferred from those segments. (c) Lineaments used in the run employing 1098 
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47 
 
200 bedforms (i.e., the first run in panels a and b) and the corresponding reconstructed 1099 
flowlines. (d) Kriged convergence field in the run using 200 bedforms. 1100 
 1101 
Figure 10. Locations of the (a) northern and (b) southern lateral shear margins of 1102 
Tweed Ice Stream inferred from the ice-flow convergence field of our reconstruction, 1103 
compared to those delineated by Everest et al. (2005) through interpreting the 1104 
geomorphological signature alone. Background shows hill-shaded surface topography 1105 
based on the NEXTMap Britain DEM. The two regions are outlined in Figure 4. In both 1106 
panels, some streamlined bedforms lie outside the margin located by us, and we see no 1107 
shear margin moraine on the DEM. 1108 
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Graphical abstract 
 
 
Reconstructing ice-flow fields from streamlined 
subglacial bedforms: a kriging approach 
 
Felix S. L. Ng* and Anna L. C. Hughes 
*Corresponding author 
 
We present a quantitative method of reconstructing palaeo ice-flow fields from the flow 
directions measured from subglacial bedforms (such as drumlins, crag-and-tails, and 
mega-scale glacial lineations). Application of the method to bedforms of the Tweed 
Valley, UK, yields new glaciological information and insights about the Tweed palaeo-
Ice Stream. MATLAB code of our toolset and data files of the case study are given at 
doi:10.15131/shef.data.6735131. 
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